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The implementation of a functional quantum computer involves entangling and coherent manip-
ulation of a large number of qubits. For qubits based on electron spins confined in quantum dots,
which are among the most investigated solid-state qubits at present, architectural challenges are
often encountered in the design of quantum circuits attempting to assemble the qubits within the
very limited space available. Here, we provide a solution to such challenges based on an approach
to realizing entanglement of spin qubits over long distances. We show that long-range Ruderman-
Kittel-Kasuya-Yosida interaction of confined electron spins can be established by quantum Hall
edge states, leading to an exchange coupling of spin qubits. The coupling is anisotropic and can be
either Ising-type or XY-type, depending on the spin polarization of the edge state. Such a property,
combined with the dependence of the electron spin susceptibility on the chirality of the edge state,
can be utilized to gain valuable insights into the topological nature of various quantum Hall states.
PACS numbers: 73.43.Fj, 73.63.Kv, 03.67.Lx
I. INTRODUCTION
Quantum computers, exploiting entanglement and su-
perposition of quantum mechanical states, promise much
better performance than classical computers tackling a
collection of important mathematical problems1. Over
the past few decades, a variety of solid-state systems have
been studied for the implementation of qubits, the build-
ing blocks of a quantum computer. Among such systems,
a very promising candidate2 makes use of the spin of elec-
trons confined in semiconductor quantum dots (QDs). In
that scheme, entanglement of qubits is achieved through
the direct exchange interaction between confined elec-
trons and manipulation of individual qubits can be real-
ized by magnetic or electrical means.3 Recent advances
in QD technology have established long coherence times4
exceeding 0.2 ms and fast gate-operation times3 on the
order of tens of nanoseconds for spin qubits in QDs.
With the great progress in the development of quality
spin qubits, scalability becomes the next major challenge
towards building a functional quantum computer capable
of performing fault-tolerant quantum computing5. The
implementation of quantum-error-correction algorithms6
requires that the system reach a size of several thousands
of qubits. In practice, however, one faces tremendous dif-
ficulties in assembling so many spin qubits, among which
entanglement must be selectively established and main-
tained. Indeed, the nearest-neighbor nature of the di-
rect exchange interaction, the primary source of entan-
glement, restricts drastically access of each qubit to the
rest of the system and thus the space that can be used
for installing the quantum circuits. A natural way to
overcome such difficulties is to employ means of entan-
gling spin qubits over long distances, which creates ex-
tra space for wiring the quantum circuits. In principle,
this may be achieved by coupling the spin qubits to an
electromagnetic cavity7–10, a floating metallic gate11, or
a dipolar ferromagnet12. Recently, it was shown that
coupling of distant spin qubits can also be realized via
photon-assisted cotunneling13.
In this article, we propose a new mechanism to achieve
long-distance entanglement of spin qubits. We make
use of the Ruderman-Kittel-Kasuya-Yosida (RKKY)
interaction14–16 between confined electron spins in QDs,
mediated by the conducting edge states of quantum Hall
(QH) liquids17, to which the QDs are tunnel coupled18.
The spin qubit coupling obtained in such a way is partic-
ularly interesting. Depending on whether the edge state
is spin-polarized or not, the induced coupling between
the spin qubits can be Ising-type and perpendicular to
the plane of the system, or XY-type and in-plane. This
offers great versatility in the design of large-scale quan-
tum circuits. The advantage of using QH edge states
is twofold. First, the edge states and the QDs can be
formed in the same material (by top gates) such as a two-
dimensional electron gas (2DEG) in GaAs heterostruc-
tures. Second, the QH edge states are topologically sta-
ble and thus much more robust against disorder effects
compared to one-dimensional (1D) conduction channels
in nano- or quantum wires. Moreover, we find that the
spin susceptibility of QH edge states manifests the in-
equivalence between the opposite directions, “clockwise”
and “counterclockwise”, along the QH edge. In chiral
edge states, conduction electrons propagate in only one
direction, leading to a “rectified” spin susceptibility in
the propagation direction of electrons. In non-chiral edge
states, the spin susceptibility is nonzero in both direc-
tions along the QH edge, but with different magnitudes.
The spin susceptibility has the same type of anisotropy
as the coupling between qubits. Thus, measuring the
spatial dependence of the spin susceptibility19 can serve
as a powerful probe of the chirality and spin polarization
of the edge state, and thus of the topological order17 in
a QH liquid.
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2FIG. 1. The basic setup consisting of two QDs (yellow disks)
tunnel coupled to the edge (white lines and arrows) of a QH
liquid (blue sheet) confined in the x-y plane. In general, the
QH edge may support multiple edge modes, propagating in
the same or opposite direction(s), which we do not depict ex-
plicitly. The QDs are separated by a distance L along the
QH edge. Each QD contains a single electron (blue spheres),
whose spin (red arrows) serves as a qubit. The coupling
strength between the QDs and the QH edge is controlled by
gates (not shown). We assume no direct interaction between
the localized electron spins I1 and I2 in the QDs.
II. MODEL
We now discuss the physics of RKKY interaction me-
diated by QH edge states. The basic setup is shown in
Fig. 1. Two QDs are placed adjacent to a QH liquid,
separated by a distance L and labelled by the site index
i = 1, 2. Conduction electrons in the QH edge state can
tunnel into and out of the QDs18 and thus can interact
with the localized spins in them. This establishes cou-
pling between the QH edge and the QDs. For simplicity,
we treat the QDs as two spatial points. The Hamiltonian
describing such a system has the form
H = Hedge +
∑
i=1,2
ΓiSi · Ii, (1)
where Hedge is the Hamiltonian of conduction electrons
in the edge state, Ii = (I
x
i , I
y
i , I
z
i ) denotes the localized
spin in the ith QD, and Si = (S
x
i , S
y
i , S
z
i ) denotes the
spin of conduction electrons coupled to Ii, with coupling
strength Γi. Experimentally, Γi can be tuned by gating.
We define Si to be the spin density in the edge state
multiplied by the confinement length of the QDs. For
the setup, we assume L is large so that there is no direct
interaction between the spins in the QDs.
In the weak tunnel coupling regime such that Γi  EF ,
where EF is the Fermi energy of conduction electrons, the
dynamics of the spins in the QDs effectively decouples
from that of the conduction electrons. In such a case, one
can derive an effective Hamiltonian for the spins in QDs,
valid in the adiabatic regime, by performing a Schrieffer-
Wolff transformation20,21 of Eq. (1) followed by tracing
out the degrees of freedom of conduction electrons (see
Appendix A for the derivation of effective Hamiltonian
and a discussion of adiabaticity),
Heff =
∑
ij,αβ
Jαβij I
α
i I
β
j −
∑
i
Bi · Ii, (2)
where the spin-component indices α, β = x, y, z. The first
term is the RKKY interaction, with Jαβij = ΓiΓjχ
αβ
ij /2.
Here χαβij is the static spin susceptibility of conduction
electrons, χαβij = −i
∫∞
0
dt e−ηt〈[Sαi (t), Sβj (0)]〉, where
η = 0+ and 〈· · · 〉 denotes the average determined by
Hedge. Physically, conduction electrons in the vicinity of
a QD develop a spin-density oscillation due to their in-
teraction with the spin in the QD. This spin-density re-
sponse, determined by χαβij , can be perceived by the spins
in other QDs coupled to the QH edge. In this way the
RKKY interaction is established. For spin-unpolarized
QH states, we assume 〈Sxi 〉 = 〈Syi 〉 = 〈Szi 〉 = 0, such
that χαβij = δ
αβχααij . On the other hand, the in-plane
spin operators Sxi , S
y
i are less relevant (in the renormal-
ization group sense) than the out-of-plane ones Szi in a
QH state with full spin polarization, as we discuss be-
low. In this case we set Sxi = S
y
i = 0 and hence χ
αβ
ij =
δαzδβzχzzij . Thus, in general we have J
αβ
ij = δ
αβJααij .
The RKKY interaction leads to an effective exchange
coupling J α = Jαα12 + Jαα21 , as a function of the inter-
dot distance L, between the localized spins Iα1 and I
α
2 .
The effective onsite Zeeman fields Bi are a direct conse-
quence of time-reversal (TR) symmetry breaking in QH
systems. We find Bi = (Γ
2
i /2)
∫∞
0
dt e−ηt〈Si(t)×Si(0)〉.
In spin-polarized QH states, Bi = 0 (for more details and
estimates we refer to Appendix A).
III. RKKY INTERACTION IN VARIOUS QH
STATES
The RKKY interaction in Eq. (2) is by nature long-
ranged and can be used as an approach to entangle spin
qubits over long distances. Thus, it is important to un-
derstand how the interaction looks like in various QH
systems. To this end, it is convenient to adopt a con-
tinuum description of the QH edge states that is well
approximated by the chiral Luttinger liquid (LL) model
at low energy17. In general, the edge of a QH liquid may
support (electron-) density-fluctuation modes as well as
Majorana fermions (zero-modes), with the action
Sedge =
∫
dxdt
[∑
IJ
1
4pi
(KIJ∂tφI∂xφJ − VIJ∂xφI∂xφJ)
+
∑
K
iλK(∂t − vK∂x)λK
]
, (3)
written in the bosonization language17 (throughout the
article we set ~ = 1). The bosonic fields φI describe the
density modes, and λK denote the Majorana fermions.
The symmetric matrix KIJ encodes the topological prop-
erties of the QH state, while the positive-definite sym-
metric matrix VIJ specifies the velocities and interactions
3of φI . The parameter vK is the velocity of λK : vK > 0
(vK < 0) if the λK is left-moving (right-moving).
Upon passing to the continuum limit, we replace
the spin operators Sαi (t)/l with spin density operators
Sα(xi, t), where l is the confinement length of the QDs
and xi is the position of the ith QD. The nonvanish-
ing components of the spin susceptibility are given by
χααij = −il2
∫∞
0
dt e−ηt〈[Sα(xi, t), Sα(xj , 0)]〉. Assuming
translation invariance along the QH edge, which is jus-
tified for clean samples, we may further write χααij =
χαα(xi − xj),22 where
χαα(x) = 2l2
∫ ∞
0
dt e−ηtIm〈T Sα(x, t)Sα(0, 0)〉, (4)
with T the time-ordering operator. The correlators are
evaluated in the zero-temperature limit. We define
Sα(x, t) =
1
2
∑
σσ′
ψ†σ(x, t)σ
α
σσ′ψσ′(x, t), (5)
where ψσ =
∑
µ ψ
µ
σ is the sum of the most-relevant elec-
tron operators ψµσ with spin σ =↑, ↓ on the QH edge.
The number of ψµ↑ operators is not necessarily equal
to that of ψµ↓ operators since TR symmetry is broken.
For instance, the most-relevant electron operators have
the same spin in a spin-polarized QH state, so that Sx =
Sy = 0. This is in contrast to the situation in 1D systems
where TR symmetry is present23,24. Using bosonization,
we express Sα in terms of the fields φI and λK , and
compute the spin susceptibility.
We sketch the calculation of the spin susceptibility
for a generic QH edge state (for particular examples,
see Appendix B). First of all, we assume separation of
charged and neutral degrees of freedom in the QH edge
state. This phenomenon, as has been demonstrated ex-
perimentally in a number of QH systems25,26, results
from strong Coulomb interaction among the elementary
density modes φI and resembles “charge-spin separation”
in a generic TR-invariant 1D system22. As a result, the
physical modes that propagate on the QH edge are the
charged and neutral collective modes as well as Majorana
fermions. The physical parameters relevant to experi-
ment are the velocities and interactions of these propa-
gating modes, whose magnitudes are set by different en-
ergy scales in the QH system. For instance, the charged-
mode velocity, determined by the dominant Coulomb en-
ergy scale, is much greater than the velocity of neutral
mode and other parameters25. We make use of this fact
in our calculation. For a moment, we consider the case
of two density modes in the edge theory, see Eq. (3). To
compute the correlators in Eq. (4), we define a new set of
fields which diagonalize the action of the density modes
φI . The action takes the form
Sdensity =
∫
dxdt
1
4pi
[
∂tφ+∂xφ+ + ε∂tφ−∂xφ−
− v+∂xφ+∂xφ+ − v−∂xφ−∂xφ−], (6)
in the basis of new fields φ+ and φ−. Here ε = 1 (ε = −1)
if the edge states are chiral (non-chiral) and v+, v− > 0.
New velocities v+ and v− are well approximated by the
velocities of the physical charged mode and neutral mode,
respectively, so that v+  v−. Upon expressing the spin
density operators in terms of the free fields φ+, φ−, and
λK , it is straightforward to compute the correlators,
〈T Sα(x, t)Sα(0, 0)〉 ∝ cos(∆kx)
[ 1
δ + i(t+ x/v+)
]gα+
×
[ 1
δ + i(t+ εx/v−)
]gα−
, (7)
where δ > 0 is an infinitesimal and ∆k is the gauge-
invariant momentum difference between the edge modes.
The case ∆k = 0 corresponds to the scattering of an edge
mode with itself. Here we have omitted the terms that
are less relevant, and assumed |vK | = v− as both of the
velocities are determined by less dominant energy scales
in the system. The exponents gα+, g
α
− are functions of the
matrices KIJ and VIJ and as we show 0 < g
α
+  1 and
gα− > 1 (see Appendix B for the expressions in different
QH states). Evaluating the time integral in Eq. (4), we
obtain χαα(x), which in general may contain multiple
terms for different momentum differences. We keep only
the most-relevant terms.
The various QH states can be divided into three types:
(i) Those with a chiral edge state containing a single den-
sity mode, such as the Laughlin states at filling factors
ν = 1/m, where m is an odd integer. (ii) Those with a
chiral edge state containing multiple interacting density
modes, such as the QH state at ν = 2. (iii) Those with
a non-chiral edge state, such as the particle-hole dual
states27 of Laughlin states.
For QH states of type (i), we find χαα(x) = 0, taking
into account the most-relevant spin operators in the edge
state. Thus, to the lowest order the RKKY interaction
cannot be established. Physically, the vanishing spin sus-
ceptibility reflects the homogeneous electronic structure
in an independent QH edge mode, a property originating
from the incompressibility of the QH liquid which pre-
vents the formation of electronic spin texture. In reality,
however, a small nonzero spin susceptibility may still be
measured, due to higher-order processes involving virtual
transitions to edge states in higher Landau levels.
In QH edge states of type (ii) and type (iii), the spin
susceptibility is nonzero to the lowest order. In these
cases, the inter-edge interactions introduce inhomoge-
neous degrees of freedom (“noise”) to the stream of con-
duction electrons, allowing for the development of spin-
density oscillations. We find
χαα(x) =
cos(∆kx)
|x|gα Θ(−x)C
α(gα,v), (8)
for left-moving type (ii) edge states, where gα = gα++g
α
−−
1, Θ(x) is the Heaviside step function, and Cα(gα,v) are
functions of gα = (gα+, g
α
−) and v = (v+, v−), whose ex-
plicit definitions are given in Appendix B. If the edge
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FIG. 2. Spin susceptibility in QH edge states of (a) type (ii)
and (b) type (iii). For the type (ii) case, the spin susceptibility
is directed in the propagation direction of the edge modes. For
the type (iii) case, the spin susceptibility is nonzero in both
directions along the QH edge.
state is right-moving, one replaces Θ(−x) with Θ(x),
and sends v → −v in Cα(gα,v). These findings sug-
gest that the spin susceptibility in type (ii) edge states
is “rectified”, i.e., directed in the down-stream direction
of the propagation of conduction electrons, see Fig. 2(a),
where left- and right-moving directions are defined with
respect to the lower edge of the QH liquid (the same
in Fig. 2(b)). This result is not surprising and can be
understood also intuitively. In a left-moving edge state,
conduction electrons move in the −x direction, leading
to the factor Θ(−x) in the expression of χαα(x). For-
mally, such an interesting form of the spin susceptibility
is a manifestation of the causality principle in 1D chi-
ral systems, where information is transported one-way
and novel physical rules can emerge, e.g., see Ref.28 for
fluctuation-dissipation relations in chiral QH systems.
Lastly, we find
χαα(x) =
cos(∆kx)
|x|gα {Θ(x)C
α
>(g
α,v) + Θ(−x)Cα<(gα,v)},
(9)
for type (iii) edge states, where Cα>(g
α,v) and Cα<(g
α,v)
are functions of gα and v, defined in Appendix B. The
spin susceptibility in this case is “both-way”, as shown
in Fig. 2(b), with different magnitudes in the +x and
−x directions, i.e., Cα>(gα,v) 6= Cα<(gα,v). This again
reflects the inequivalence between left-moving and right-
moving edge modes. Imagining now the chirality of all
edge modes are reverted, e.g., by TR operation, the pro-
file of the spin susceptibility should also be reverted. In-
deed, we find that Cα>(g
α,v) are related to Cα<(g
α,v)
by the exchange of arguments v+ ↔ v− and gα+ ↔ gα−,
which technically carries out the chirality-reverting pro-
cedure (see Appendix B). In the above discussion, we
have assumed that spin excitations do not extend into
the L0 − L part of the QH edge, where L0 is the total
edge length. In practice, this is realized by grounding the
L0−L part or by choosing the sample such that L0  L.
The exponents gα, where α = x, y, z, determine how
the RKKY interaction scales with distance. In Table I,
we list them in different QH states. In general, gα de-
pend on both the chirality and spin polarization of the
QH edge state. For chiral edge states, i.e., those of type
(ii), these exponents are integral invariants depending on
the topological order of the bulk liquid, whereas for non-
chiral edge states they are nonuniversal and depend on
the parameters in the Hamiltonian. In the latter case,
we write gα = gα0 + δg
α, where gα0 is the integer part of
gα. As shown in Appendix B, δgα/gα0  1 for all the
non-chiral edge states in the table, assuming “charge-
neutral separation” on the edge. Moreover, we find that
the in-plane components of the RKKY interaction van-
ish in a spin-polarized QH state, leading to an Ising-type
exchange coupling of spin qubits. On the other hand,
the RKKY interaction has zero out-of-plane component
and equal in-plane components in a spin-unpolarized QH
state, which is XY-type. This suggests that a transfor-
mation of the anisotropy type of the RKKY interaction
may be observed in the QH liquid at ν = 2/3, which
was found to be spin-unpolarized at low fields and spin-
polarized at high fields29.
The QH state at ν = 5/2 is also of special inter-
est. We consider both Abelian and non-Abelian topo-
logical orders proposed to describe this state. The for-
mer include the Halperin 331 state30 and 113 state31,
and the latter include the Moore-Read (Pfaffian) state32,
the anti-Pfaffian state33,34 and the SU(2)2 state
35. The
331 state and 113 state can be both spin-polarized and -
unpolarized, just like the ν = 2/3 QH state. The Pfaffian
state, like the Laughlin states, supports a single density
mode on the edge and thus has vanishing RKKY inter-
action. The particle-hole dual state of the Pfaffian state,
the anti-Pfaffian state, has a non-chiral edge state and
a non-integer scaling exponent. For the SU(2)2 state,
we assume that the Majorana fermion and the neutral
collective mode propagate at different velocities, as they
should in reality, which is necessary to obtain a nonva-
nishing scaling exponent. Such careful treatment is not
essential for other ν = 5/2 states. We have assumed that
the RKKY interaction is mediated solely by the fractional
edge modes in the second Landau level, while the inte-
ger edge modes in the lowest Landau level do not play
a role. Experimentally, this can be fulfilled, using the
fact that edge modes in different Landau levels are spa-
tially separated36. For instance, the QDs in Fig. 1 can
be moved out of the plane of the QH liquid and formed
in a second two- or quasi-one-dimensional electron gas in
the vertical direction37–40, such that they are in tunnel
contact with the fractional edge modes but far away from
the integer edge modes. The coupling between the inte-
ger edge and the QDs and the interaction between the
integer edge and the fractional edge can be neglected to
a good approximation.
IV. DISCUSSION
Let us estimate the coupling between the two spin
qubits in Fig. 1, given by J α = Γ1Γ2{χαα(L) +
5QH state 1/m 2 2/3 2/3 331 331 113 113 Pf APf SU(2)2
gx − −→1 1 − −→3 − 3 − − − −
gy − −→1 1 − −→3 − 3 − − − −
gz − − − 1 − −→3 − 3 − 1 −→1
RKKY type XY XY Ising XY Ising XY Ising Ising Ising
TABLE I. Scaling exponents gα and anisotropy type of the RKKY interaction in various QH states. An overline is used to
indicate a spin-polarized state, e.g., 2/3 denotes the spin-polarized QH state at ν = 2/3. We consider several topological orders
at ν = 5/2, including both Abelian ones (the 331 state and the 113 state, denoted as 331/331 and 113/113, respectively)
and non-Abelian ones (the Pfaffian state, the anti-Pfaffian state, and the SU(2)2 state, denoted as Pf, APf, and SU(2)2,
respectively). The 331 state and the 113 state both have spin-unpolarized and spin-polarized versions. For chiral edge states,
the exponents are integers and we add arrows to indicate that the spin susceptibility is non-zero only in the down-stream
direction. For non-chiral edge states, the exponents are non-integers and we enter the integer parts gα0 of the exponents.
We put “−” in the entry if the corresponding component of the spin susceptibility (and thus that of the RKKY interaction)
vanishes. The RKKY interaction is XY-type in spin-unpolarized states and Ising-type in spin-polarized states.
χαα(−L)}/2. In Appendix B, we obtain the dimensional
part [χαα(x)] of the spin susceptibility,
[χαα(x)] ' l2agα−1|x|−gα/v−, (10)
for both type (ii) and type (iii) edge states, where a
is the lattice constant of the underlying material host-
ing the QH system. For example, let us consider the
QH state at ν = 2, realized in GaAs heterostructures.
We have a = 0.565 nm for GaAs, gx = gy = 1, and
v− ' 104 m/s25. Using Γ1 = Γ2 = Γ ' 0.1 meV and
l = 30 nm (see Appendix C for the estimates), we find
J x = J y ' 1 µeV for L = 1 µm. This is about one order
of magnitude smaller than the direct exchange strength
Jdirect ' 10−100 µeV in typical GaAs double QDs2 and
is experimentally measurable. The RKKY interaction
established by QH edge states thus provides a way to re-
alize entangled quantum gates over mesoscopic distances.
The implementation of two-qubit gates using Hamiltoni-
ans of the form of Eq. (2) is well known: see, e.g., Ref.2
(footnote 13) for Ising-type coupling and Ref.7 for XY-
type coupling. The µeV exchange strength converts to
gate-operation times of the order of nanoseconds, which
is well below the coherence times3 of spin qubits.
It is interesting to compare the RKKY interaction in
QH edge states with that in semiconductor quantum
wires. Assuming spin-rotation symmetry, the dimen-
sional part [χw(x)] of the spin susceptibility in quantum
wires can be found in Ref.23. The ratio
rα(x) =
[χαα(x)]
[χw(x)]
=
vF
v−
( a
|x|
)gα−gw
(11)
characterizes the relative strength of the RKKY interac-
tion in the two sorts of systems, where vF is the Fermi
velocity in the quantum wire and gw depends on the in-
teraction of electrons. In non-interacting case, gw = 1.
Consider the ν = 2 QH edge state and GaAs quantum
wire. We find rx(L) = ry(L) ' 1.5 for L = 1 µm, using
gw = 0.75 and vF ' 105 m/s23. In principle, quantum
wires can also be used to mediated RKKY interaction be-
tween spin qubits. However, using QH edge states offers
more advantages. From technical aspect, the edge states
and the spin qubits can be realized in the same material,
for instance, in a 2DEG in GaAs heterostructures, which
is more experimentally accessible than a setup with quan-
tum wires. More importantly, the topologically protected
QH edge states are more immune to disorder effects and
perturbations in the system than quantum wires. This
guarantees a better quality of the long-distance quantum
gates.
Our discussions so far have focused on the RKKY in-
teraction between spin qubits. Interestingly, the treat-
ments can also be applied to obtain the RKKY interac-
tion between nuclear spins embedded in the 1D QH edge
state (see also Ref.41). To this end, let Γi → A/N and
Ii → I˜i in Eq. (1) and the following equations, where
A is the hyperfine coupling constant, N is the num-
ber of nuclear spins in a cross section (labelled by i)
of the QH edge, and I˜i is the total nuclear spin oper-
ator in a given cross section. Given a non-chiral edge
state with both spin-up and spin-down electrons, e.g.,
the spin-unpolarized state at ν = 2/3, the nuclear spins
may form a helical magnetic order23 at low temperatures,
induced by the RKKY interaction. The nuclear magnetic
order acts back on the electronic system by gapping out
conducting edge modes. Experimentally, such an order
is evidenced by the reduction of the conductance at low
temperatures40.
By measuring the spatial dependence of RKKY
interaction19,42, one can obtain information about the
chirality and spin polarization of the QH edge state,
which in turn are related to the topological order of
the bulk QH liquid17. In particular, this technique
may be used to detect the nature of the QH liquid at
ν = 5/2: One can distinguish between a chiral edge
state and a non-chiral edge state by confirming whether
the spin susceptibility is unidirectional along the edge.
One can rule out either a spin-polarized state or a spin-
unpolarized state by comparing the in-plane and out-of-
plane components of the RKKY interaction, by mea-
suring the spin states in the QDs. For this one can
6make use of experimental techniques based on spin-to-
charge conversion2 developed for read-out of spin qubits
in QDs43–45. The numerical values of the scaling expo-
nents also help to identify the true ν = 5/2 state. The
advantages of measuring the spin susceptibility are ob-
vious, compared with other approaches detecting topo-
logical orders based on edge-bulk correspondence17, such
as measuring the temperature and voltage dependence
of quasiparticle tunneling46. First, it is easier to vary
the sampling point in space than in temperature or volt-
age, e.g., one may use the setup in Fig. 1 with an array
of QDs. Second, information encoded in spin degrees
of freedom is more robust than that encoded in charge
current, against unfavorable modification due to long-
range Coulomb interaction in the device47. Compared
with electronic Fabry-Pe´rot48,49 and Mach-Zehnder50–52
interferometries, our setup probes the non-Abelian topo-
logical orders at ν = 5/2 with a much simpler device
geometry and more straightforward data.
The scenario becomes more complicated if one replaces
the QDs with quantum anti-dots53. In that case, tunnel-
ing of quasiparticles, rather than electrons, defines the
coupling between the QH edge and the anti-dots. It is
still possible to define an RKKY interaction mediated
by quasiparticles in the edge state, whose spatial depen-
dence can be used to distinguish different Abelian QH
states. For non-Abelian states, however, there are ambi-
guities in the scaling behavior of the RKKY interaction,
arising from the multiple fusion channels of non-Abelian
quasiparticles.
To conclude, we have introduced a novel approach to
achieving long-distance entanglement of spin qubits con-
fined in QDs, based on the RKKY interaction mediated
by QH edge states. The approach allows for the imple-
mentation of quantum gates with long coupling ranges
and fast operation times, which would greatly facili-
tate the development of large-scale quantum computers.
From fundamental point of view, the ability to probe the
chirality and the spin polarization of a QH edge state
via measuring the spatial form of the RKKY interaction
opens up a new venue for studying electronic and spin
physics in QH systems.
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Appendix A: Effective Hamiltonian
Our starting point is the Hamiltonian in Eq. (1). For
weak tunnel coupling between the QH edge and the QDs,
we can treatHΓ =
∑
i ΓiSi·Ii as a perturbation and make
a Schrieffer-Wolff transformation20,21 to remove terms
linear in Γi from the Hamiltonian. The transformed
Hamiltonian reads
H¯ = eSHe−S = Hedge − 1
2
[[Hedge, S], S] + · · · , (A1)
where S satisfies [Hedge, S] = HΓ. Written in terms of the
Liouvillian superoperator L, S = L−1HΓ. The leading-
order terms in Γi in H¯ are given by
H¯Γ = −1
2
[[Hedge, S], S] =
1
2
[L−1HΓ, HΓ]. (A2)
Using L−1 = −i ∫∞
0
dt e−ηteiLt, where η = 0+, we find
H¯Γ =− i
2
∫ ∞
0
dt e−ηt[HΓ(t), HΓ]
=− i
2
∑
ij
ΓiΓj
∫ ∞
0
dt e−ηt[Si(t) · Ii,Sj(0) · Ij ]
=− 1
2
∫ ∞
0
dt e−ηt{
∑
ij
iΓiΓjI
α
i I
β
j [S
α
i (t), S
β
j (0)]
+
∑
i
Γ2i 
αβγIαi S
β
i (t)S
γ
i (0)}, (A3)
where we have defined Oˆ(t) = eiHedgetOˆe−iHedget for an
operator Oˆ and used [Iαi , I
β
j ] = iδij
αβγIγi , with 
αβγ
the Levi-Civita symbol. Summation over repeated spin-
component indices (Greek letters) is implied throughout
this appendix.
Next, we take the expectation 〈· · · 〉 over the electronic
degrees of freedom in the QH edge state. This gives an ef-
fective Hamiltonian describing the dynamics of localized
spins in the adiabatic limit,
Heff = 〈H¯Γ〉 =
∑
ij
ΓiΓj
2
χαβij I
α
i I
β
j −
∑
i
Bαi I
α
i , (A4)
where we have identified the spin susceptibility of con-
duction electrons,
χαβij = −i
∫ ∞
0
dt e−ηt〈[Sαi (t), Sβj (0)]〉, (A5)
and defined effective onsite Zeeman fields for the QDs,
Bαi =
Γ2i
2
∫ ∞
0
dt e−ηtαβγ〈Sβi (t)Sγi (0)〉. (A6)
This is the Hamiltonian in Eq. (2).
In deriving the above effective Hamiltonian, we have
neglected the external magnetic field Bext that leads to
the formation of the QH liquid. To justify this, let us
estimate Bαi and B
ext (in unit of energy). For spin-
unpolarized QH states, let us assume that the two terms
in Eq. (A3) have the same order of magnitude after tak-
ing the expectation and performing the integration, for
typical time scales related to the dynamics of conduction
electrons. This gives [Bαi ] ∼ Γ2i [χααii ], where [· · · ] denotes
the dimensional part. Passing to the continuum limit,
7let [χααii ]→ [χαα(a)], where [χαα(x)] is given by Eq. (10)
and a is the natural short-distance cut-off, taken as the
lattice constant of the host material. An estimation sim-
ilar to that for the effective exchange coupling J α finds
Bαi ' 1 meV. Meanwhile, Bext ' 0.1 meV for typical
field strengths of several Tesla in QH liquids. Thus, Bαi
is large compared with Bext in spin-unpolarized states.
For spin-polarized QH states, applying the assumption
Sxi = S
y
i = 0 yields B
α
i = 0. In this case, we consider
fluctuations in the next order, associated with the next-
most-relevant spin operators δSxi , δS
y
i in the edge theory.
We have 〈δSxi 〉 = 〈δSyi 〉 = 0. The fluctuations give rise
to effective onsite Zeeman fields
δBαi =
Γ2i
2
∫ ∞
0
dt e−ηtαβγ〈δSβi (t)δSγi (0)〉, (A7)
which are fully out-of-plane, δBαi = δ
αzδBzi . In other
words, the spin-polarized edge states tend to polarize the
spin qubits. Simple dimensional analysis shows that the
order of magnitude of δSxi , δS
y
i differs from those of the
(nonvanishing) most-relevant spin operators by a factor
of a/v¯τ , where v¯ is the mean edge velocity and τ ∼ 1/EF
is a typical time scale for the dynamics of conduction
electrons. Accordingly, the factor (a/v¯τ)2 enters the rel-
ative strength of the effective onsite fields (Bαi ) in spin-
unpolarized states to that (δBαi ) in spin-polarized states
(where Bαi = 0). Our estimation shows that a/v¯τ < 0.1,
so that δBαi  Bext  Bαi . In the main text we have
neglected δBαi for simplicity.
In principle, the Zeeman terms HZ = −
∑
iB
extIzi
(assuming Bext = Bextzˆ) should be included in the un-
perturbed Hamiltonian in the Schrieffer-Wolff procedure,
i.e., Hedge → Hedge +HZ in Eqs. (A1) and (A2) and the
definition of time evolution. As a consequence, the first
localized-spin operator Iαi appearing in the two terms
in Eq. (A3) acquires time dependence, in addition to the
time dependence in the first conduction-spin operator Sαi .
The dynamics of Iαi , set by the Zeeman energy B
ext, how-
ever decouples from that of Sαi , set by the Fermi energy
EF , since EF  Bext according to the estimation above.
Thus, to a good approximation we may neglect the time
dependence in Iαi . We do this for spin-unpolarized states.
For spin-polarized states, Eq. (A3) is exact: Only the
terms with α = β = z survive in the equation and we
have Iαi (t) = I
α
i (0) since HZ commutes with I
z
i .
We note moreover that HZ also appears in Eq. (A4) for
both spin-unpolarized and spin-polarized QH states. In
the main text, we have neglected this term for simplicity.
However, HZ must be taken into account for the purpose
of implementing two-qubit quantum gates.
The effective Hamiltonian in Eq. (A4) describes the
system in Fig. 1 in equilibrium. Given a change in the
spin state of one of the qubits, the entire electronic sys-
tem readjusts to achieve new equilibrium. The change of
the qubit must be adiabatic in order for the other qubit
to sense the change and respond. This means that the
switching time tsw of the first qubit satisfies tsw  L/v¯.
On the other hand, if the qubit state is changed very fast
(non-adiabatically), there will be no effect on the second
qubit within time L/v¯. In that case, the process is dy-
namic and is described by the spin susceptibility at finite
frequencies. For L = 1 µm, L/v¯ ' 10 ps, which is much
shorter than the ideal gate-operation time tsw ' 1 ns.
Thus, the requirement for adiabaticity does not place
much restriction on the operation of spin qubits.
Appendix B: Spin Susceptibility
In this appendix, we calculate the spin susceptibility
for the QH states listed in Table I. The formula is given
by Eq. (4). First, we compute the correlators in the zero-
temperature limit
Gα(x, t) = 〈T Sα(x, t)Sα(0, 0)〉, (B1)
where α = x, y, z. We focus on the scaling behaviors
of these correlators and neglect the proportionality con-
stants. Next, we evaluate the time integral
χαα(x) = 2l2
∫ ∞
0
dt e−ηtImGα(x, t), (B2)
where η = 0+. Restoring the proportionality constants,
we obtain the full expression of the spin susceptibility.
1. Correlators
a. Laughlin states at ν = 1/m
The Lagrangian density that describes the edge state
of the ν = 1/m (m is an odd integer) Laughlin state is
L =
m
4pi
[∂tφ∂xφ− v(∂xφ)2], (B3)
where v is the velocity of the edge mode described by
bosonic field φ. We assume the edge state is left-moving.
Electrons in the edge state are described by the vertex
operator ψ = 1√
2pia
e−ikF xe−imφ, where a is the short-
distance cut-off and kF is the Fermi momentum. Here
and throughout this appendix we omit the Klein factors
in the electron operators, which will drop out when evalu-
ating the average. Since the edge state is spin-polarized,
all the electrons have the same spin σ. Let us assume
σ =↑. Using Eq. (5) and neglecting transitions to higher
Landau levels, we find Sx = Sy = 0, and
Sz =
1
2
ψ†ψ ∝ ∂xφ. (B4)
The correlator of φ can be read from Eq. (B3),
〈T φ(x, t)φ(0, 0)〉 = −ν ln(x + vt − iδ) + const., where
δ is defined as a positive infinitesimal throughout the ap-
pendix. This gives
Gz(x, t) ∝ ν
(x+ vt− iδ)2 , (B5)
whereas Gx = Gy = 0. Substituting Eq. (B5) in Eq. (B2)
we obtain the spin susceptibility in Laughlin states.
8b. The QH state at ν = 2
The ν = 2 QH state has two bosonic edge modes φ↑, φ↓,
propagating in the same direction, where φ↑ has spin up
and φ↓ has spin down. The Lagrangian density is
L =
1
4pi
{
∑
i=↑,↓
[∂tφi∂xφi − vi(∂xφi)2]− 2u∂xφ↑∂xφ↓},
(B6)
where vi is the velocity of φi and u > 0 is the repulsive
Coulomb interaction between φ↑ and φ↓. We assume the
edge modes are left-moving. The most-relevant electron
operators are ψi =
1√
2pia
e−ikF,ixe−iφi , where kF,i is the
Fermi momentum of φi. The spin density operators are
Sx =
1
2
(ψ†↑ψ↓ + H.c.) ∝ ei∆kxei(φ↑−φ↓) + H.c.
Sy =
1
2
(−iψ†↑ψ↓ + H.c.) ∝ −iei∆kxei(φ↑−φ↓) + H.c.
Sz =
1
2
(ψ†↑ψ↑ − ψ†↓ψ↓) ∝ ∂x(φ↑ − φ↓), (B7)
where ∆k = kF,↑−kF,↓ is the gauge-invariant momentum
difference, proportional to the magnetic flux penetrating
between the two edge modes.
To compute the correlators, we define eigenmodes
φ+ = cosϕ φ↑ + sinϕ φ↓
φ− = − sinϕ φ↑ + cosϕ φ↓, (B8)
where tan 2ϕ = 2uv↑−v↓ , which diagonalize the edge theory,
L =
1
4pi
∑
i=+,−
[∂tφi∂xφi − vi(∂xφi)2], (B9)
where v± = 12 (v↑ + v↓ ±
√
(v↑ − v↓)2 + 4u2). According
to the experiment25, v+  v− as a result of the strong
Coulomb interaction u. Expressing the spin density op-
erators in eigenmodes, it is straightforward to obtain
Gx(x, t) ∝ cos(∆kx)
[ 1
x+ v+t− iδ
]c2+[ 1
x+ v−t− iδ
]c2−
Gy(x, t) ∝ cos(∆kx)
[ 1
x+ v+t− iδ
]c2+[ 1
x+ v−t− iδ
]c2−
Gz(x, t) ∝ c
2
+
(x+ v+t− iδ)2 +
c2−
(x+ v−t− iδ)2 , (B10)
where the functions c±(ϕ) = cosϕ ∓ sinϕ. Notice that
c2+(ϕ) + c
2
−(ϕ) = 2, i.e., the scaling exponents of the cor-
relators are integral invariant, independent of the angle
ϕ which depends on the inter-edge interaction. This is a
well-known property of chiral QH edge states17.
c. The QH state at ν = 2/3
The ν = 2/3 QH state can be spin-unpolarized at low
fields and spin-polarized at high fields29.
We first consider the spin-unpolarized state. It has two
bosonic edge modes φ↑ and φ↓, where φ↑ has spin up and
φ↓ has spin down. The Lagrangian density is
L =
1
4pi
∑
i,j=↑,↓
[Kij∂tφi∂xφj − Vij∂xφi∂xφj ], (B11)
where
K =
(
1 2
2 1
)
and V =
(
v↑ u
u v↓
)
, (B12)
with vi the velocity of φi and u the inter-edge interaction.
The eigenvalues of the K-matrix have opposite signs, so
the edge state is non-chiral.
Experiment26 revealed that the ν = 2/3 edge state
consists of a charged mode and a neutral mode, moving
in opposite directions. To connect the parameters in the
edge theory described by Eq. (B11) with experiment, we
change to the physical basis of charged mode φρ = φ↑+φ↓
and neutral mode φn = φ↑ − φ↓,
L =
1
4pi
[
3
2
∂tφρ∂xφρ − 1
2
∂tφn∂xφn − 3
2
vρ(∂xφρ)
2
− 1
2
vn(∂xφn)
2 − 2vρn∂xφρ∂xφn], (B13)
where vρ =
1
3 (
v↑
2 +
v↓
2 + u), vn =
v↑
2 +
v↓
2 − u, and
vρn =
1
4 (v↑ − v↓). In general, v↑ 6= v↓ due to finite
Zeeman splitting. The charged-mode velocity vρ, deter-
mined by the large Coulomb energy scale, is expected to
be much greater in order of magnitude than the neutral-
mode velocity vn and the interaction vρn. We there-
fore assume vρ  vn ∼ vρn. In particular, we assume
that the scaling dimensions of quasiparticle operators
in the real case do not deviate much from those in the
case vρn = 0. With this assumption, we can determine
the most-relevant electron operators in the edge theory,
which are ψ↑ ∝ e−i(2kF,↑+kF,↓)xe−i(2φ↑+φ↓), with spin up,
and ψ↓ ∝ e−i(kF,↑+2kF,↓)xe−i(φ↑+2φ↓), with spin down,
where kF,↑ and kF,↓ are momentum-like constants related
to the spatial locations of the edge modes φ↑ and φ↓.
The spin density operators are obtained by computing
the operator product expansions (OPEs) of the electron
operators and keeping the most-singular terms. We find
Sx =
1
2
(ψ†↑ψ↓ + H.c.) ∝ ei∆kxeiφn + H.c.
Sy =
1
2
(−iψ†↑ψ↓ + H.c.) ∝ −iei∆kxeiφn + H.c.
Sz =
1
2
(ψ†↑ψ↑ − ψ†↓ψ↓) ∝ ∂xφn, (B14)
where ∆k = kF,↑ − kF,↓.
In terms of eigenmodes
φ+ =
√
3
2
cosh θ φρ +
√
1
2
sinh θ φn
φ− =
√
3
2
sinh θ φρ +
√
1
2
cosh θ φn, (B15)
9where tanh 2θ = 4√
3
vρn
vρ+vn
, the edge theory is diagonal-
ized,
L =
1
4pi
[∂tφ+∂xφ+ − ∂tφ−∂xφ− −
∑
i=+,−
vi(∂xφi)
2],
(B16)
where v+ =
1
cosh 2θ (cosh
2 θvρ − sinh2 θvn) and v− =
1
cosh 2θ (cosh
2 θvn − sinh2 θvρ). Since vρ  vn ∼ vρn, we
have θ  1 and thus v+ ' vρ, v− ' vn and v+  v−.
The correlators are evaluated to be
Gx(x, t) ∝ cos(∆kx)
[ 1
x+ v+t− iδ
]c˜2+[ 1
x− v−t+ iδ
]c˜2−
Gy(x, t) ∝ cos(∆kx)
[ 1
x+ v+t− iδ
]c˜2+[ 1
x− v−t+ iδ
]c˜2−
Gz(x, t) ∝ c˜
2
+
(x+ v+t− iδ)2 +
c˜2−
(x− v−t+ iδ)2 , (B17)
where the functions c˜+(θ) =
√
2 sinh θ and c˜−(θ) =√
2 cosh θ. Notice that c˜2+(θ) + c˜
2
−(θ) = 2(1 + 2 sinh
2 θ),
i.e., the scaling exponents are non-universal and depend
on the parameters in the Hamiltonian, through θ. This
reflects the non-chiral nature of the edge state.
Next, we discuss the spin-polarized state at ν = 2/3.
It has two bosonic edge modes φ1 and φ2, having the
same spin polarization (assuming they are spin-up). The
Lagrangian density has the same form of Eq. (B11), with
K =
(
1 0
0 −3
)
and V =
(
v1 u
′
u′ 3v2
)
. (B18)
This is also a non-chiral state. The charged mode
and the neutral mode in the edge theory are identi-
fied as φρ = φ1 + φ2 and φn = φ1 + 3φ2, respectively,
in terms of which the Lagrangian density recovers the
expression in Eq. (B13), with vρ =
3
2v1 +
1
2v2 − u′,
vn =
1
2v1 +
3
2v2 − u′ and vρn = − 34v1 − 34v2 + u′.
Again we assume vρ  vn ∼ vρn. The most-relevant
electron operators are ψ1 ∝ e−i(2kF,1+3kF,2)xe−i(2φ1+3φ2)
and ψ2 ∝ e−ikF,1xe−iφ1 , both with spin up, where kF,1
and kF,2 are constants. Using Eq. (5) and OPE, we find
Sx = Sy = 0, and Sz = Szf + S
z
b , where
Szf =
1
2
(ψ†1ψ1 + ψ
†
2ψ2) ∝ ∂xφρ
Szb =
1
2
(ψ†1ψ2 + H.c.) ∝ ei∆kxeiφn + H.c., (B19)
where ∆k = kF,1 + 3kF,2 is interpreted as the Fermi-
momentum difference between the elementary edge mode
φ1 and φ2. The rest of the analysis resembles that for
the spin-unpolarized state. We diagonalize the edge the-
ory using the free fields φ+, φ− defined in Eq. (B15) and
evaluate the correlators. We find Gx = Gy = 0, and
Gz = Gzf + Gzb , where
Gzf (x, t) ∝
c˜2−
(x+ v+t− iδ)2 +
c˜2+
(x− v−t+ iδ)2
Gzb (x, t) ∝ cos(∆kx)
[ 1
x+ v+t− iδ
]c˜2+[ 1
x− v−t+ iδ
]c˜2−
.
(B20)
d. The 331 state at ν = 5/2
We now turn to the QH state at ν = 5/2. This QH
state is usually modeled by combining a ν = 2 integer
QH state in the lowest Landau level, which is treated
as an inert background assuming no Landau level mix-
ing, and a ν = 1/2 fractional QH state in the second
Landau level, which is assumed to capture the full topo-
logical order of the QH liquid. We study the RKKY in-
teraction mediated solely by the fractional edge state. In
the following, we consider several topological orders pro-
posed for the fractional edge state, including Halperin’s
331 and 113 states30,31, the Pfaffian state32, the anti-
Pfaffian state33,34 and the SU(2)2 state
35. Motivated
by the experiment26, we will always assume separation
of charged and neutral degrees of freedom in the edge
state. Moreover, we assume that the charged-mode ve-
locity is much greater than other physical parameters, by
a similar argument to that for the QH state at ν = 2/3.
We start from Halperin’s 331 state, which has a spin-
unpolarized version and a spin-polarized version. The
Lagrangian density for the edge of the spin-unpolarized
331 state has the same form of Eq. (B11), with
K =
(
3 1
1 3
)
and V =
(
v↑ u
u v↓
)
, (B21)
where v↑ and v↓ are the velocities of edge modes φ↑ and
φ↓, respectively, and u the inter-edge interaction. Here φ↑
is a spin-up mode and φ↓ is a spin-down mode. The 331
state is chiral. The physical charged mode and neutral
mode are defined as φρ = φ↑ + φ↓ and φn = φ↑ − φ↓,
respectively, in terms of which the Lagrangian density is
L =
1
4pi
[2∂tφρ∂xφρ + ∂tφn∂xφn − 2vρ(∂xφρ)2
− vn(∂xφn)2 − 2vρn∂xφρ∂xφn], (B22)
where vρ =
v↑
8 +
v↓
8 +
u
4 , vn =
v↑
4 +
v↓
4 − u2 and vρn =
1
4 (v↑ − v↓). Assuming vρ  vn ∼ vρn, the most-relevant
electron operators are ψ↑ ∝ e−i(3kF,↑+kF,↓)xe−i(3φ↑+φ↓),
with spin up, and ψ↓ ∝ e−i(kF,↑+3kF,↓)xe−i(φ↑+3φ↓), with
spin down, where kF,↑ and kF,↓ are constants. The spin
10
density operators are
Sx =
1
2
(ψ†↑ψ↓ + H.c.) ∝ ei∆kxei2φn + H.c.
Sy =
1
2
(−iψ†↑ψ↓ + H.c.) ∝ −iei∆kxei2φn + H.c.
Sz =
1
2
(ψ†↑ψ↑ − ψ†↓ψ↓) ∝ ∂xφn, (B23)
where ∆k = 2kF,↑− 2kF,↓. To evaluate the correlators of
Sα, we define eigenmodes
φ+ =
√
2 cos θ φρ + sin θ φn
φ− = −
√
2 sin θ φρ + cos θ φn, (B24)
where tan 2θ =
√
2vρn
vρ−vn . We have θ  1. We find
Gx(x, t) ∝ cos(∆kx)
[ 1
x+ v+t− iδ
]c¯2+[ 1
x+ v−t− iδ
]c¯2−
Gy(x, t) ∝ cos(∆kx)
[ 1
x+ v+t− iδ
]c¯2+[ 1
x+ v−t− iδ
]c¯2−
Gz(x, t) ∝ c¯
2
+
(x+ v+t− iδ)2 +
c¯2−
(x+ v−t− iδ)2 , (B25)
where c¯+(θ) = 2 sin θ and c¯−(θ) = 2 cos θ. The parame-
ters v+ and v− are the velocities of φ+ and φ−, respec-
tively. We have v+ ' vρ, v− ' vn and v+  v−.
The spin-polarized 331 state has two bosonic edge
modes φ1 and φ2, having the same spin polarization (as-
suming they are spin-up). The Lagrangian density has
the same form of Eq. (B11), with
K =
(
3 −2
−2 4
)
and V =
(
v1 u
′
u′ v2
)
. (B26)
The physical charged mode and neutral mode are identi-
fied as φρ = φ1 and φn = −φ1+2φ2, respectively, in terms
of which the Lagrangian density recovers the form in
Eq. (B22), with vρ =
1
2v1+
1
8v2+
1
2u
′, vn = 14v2 and vρn =
1
4v2 +
1
2u
′. Assuming vρ  vn ∼ vρn, the most-relevant
electron operators are ψ1 ∝ e−i(kF,1+2kF,2)xe−i(φ1+2φ2)
and ψ2 ∝ e−i(3kF,1−2kF,2)xe−i(3φ1−2φ2), both with spin
up, where kF,1 and kF,2 are constants. The spin density
operators are Sx = Sy = 0, and Sz = Szf + S
z
b , where
Szf =
1
2
(ψ†1ψ1 + ψ
†
2ψ2) ∝ ∂xφρ
Szb =
1
2
(ψ†1ψ2 + H.c.) ∝ ei∆kxei2φn + H.c., (B27)
with ∆k = −2kF,1 + 4kF,2. Using the definition of
eigenmodes in Eq. (B24), we find Gx = Gy = 0, and
Gz = Gzf + Gzb , where
Gzf (x, t) ∝
c¯2−
(x+ v+t− iδ)2 +
c¯2+
(x+ v−t− iδ)2
Gzb (x, t) ∝ cos(∆kx)
[ 1
x+ v+t− iδ
]c¯2+[ 1
x+ v−t− iδ
]c¯2−
.
(B28)
e. The 113 state at ν = 5/2
The 113 state also has a spin-unpolarized version and
a spin-polarized version.
The edge theory of the spin-unpolarized 113 state is of
the form of Eq. (B11), with
K =
(
1 3
3 1
)
and V =
(
v↑ u
u v↓
)
, (B29)
where v↑ and v↓ are the velocities of edge modes φ↑ and
φ↓, respectively, and u the inter-edge interaction. Here
φ↑ is a spin-up mode and φ↓ is a spin-down mode. The
113 state is non-chiral. Switching to the physical basis
of charged mode φρ = φ↑ + φ↓ and neutral mode φn =
φ↑ − φ↓, the Lagrangian density becomes
L =
1
4pi
[2∂tφρ∂xφρ − ∂tφn∂xφn − 2vρ(∂xφρ)2
− vn(∂xφn)2 − 2vρn∂xφρ∂xφn], (B30)
where vρ =
v↑
8 +
v↓
8 +
u
4 , vn =
v↑
4 +
v↓
4 − u2 and vρn =
1
4 (v↑ − v↓). Assuming vρ  vn ∼ vρn, the most-relevant
electron operators are ψ↑ ∝ e−i(3kF,↑+kF,↓)xe−i(3φ↑+φ↓),
with spin up, and ψ↓ ∝ e−i(kF,↑+3kF,↓)xe−i(φ↑+3φ↓), with
spin down, where kF,↑ and kF,↓ are constants. The spin
density operators are
Sx =
1
2
(ψ†↑ψ↓ + H.c.) ∝ ei∆kxei2φn + H.c.
Sy =
1
2
(−iψ†↑ψ↓ + H.c.) ∝ −iei∆kxei2φn + H.c.
Sz =
1
2
(ψ†↑ψ↑ − ψ†↓ψ↓) ∝ ∂xφn, (B31)
where ∆k = 2kF,↑ − 2kF,↓. The eigenmodes are defined
as
φ+ =
√
2 cosh θ φρ + sinh θ φn
φ− =
√
2 sinh θ φρ + cosh θ φn, (B32)
where tanh 2θ =
√
2vρn
vρ+vn
. We have θ  1. We find
Gx(x, t) ∝ cos(∆kx)
[ 1
x+ v+t− iδ
]2c˜2+[ 1
x− v−t+ iδ
]2c˜2−
Gy(x, t) ∝ cos(∆kx)
[ 1
x+ v+t− iδ
]2c˜2+[ 1
x− v−t+ iδ
]2c˜2−
Gz(x, t) ∝ c˜
2
+
(x+ v+t− iδ)2 +
c˜2−
(x− v−t+ iδ)2 , (B33)
where c˜+(θ) =
√
2 sinh θ and c˜−(θ) =
√
2 cosh θ. The
parameters v+ and v− are the velocities of φ+ and φ−,
respectively. We have v+ ' vρ, v− ' vn and v+  v−.
The spin-polarized 113 state has two bosonic edge
modes φ1 and φ2, having the same spin polarization (as-
sume they are spin-up). The Lagrangian density has the
11
same form of Eq. (B11), with
K =
(
1 2
2 −4
)
and V =
(
v1 u
′
u′ v2
)
. (B34)
The charged mode and the neutral mode are φρ = φ1
and φn = −φ1 + 2φ2, respectively, in terms of which the
Lagrangian density recovers the form in Eq. (B30), with
vρ =
1
2v1 +
1
8v2 +
1
2u
′, vn = 14v2 and vρn =
1
4v2 +
1
2u
′.
Assuming vρ  vn ∼ vρn, the most-relevant electron
operators are ψ1 ∝ e−i(kF,1+2kF,2)xe−i(φ1+2φ2) and ψ2 ∝
e−i(3kF,1−2kF,2)xe−i(3φ1−2φ2), both with spin up, where
kF,1 and kF,2 are constants. The spin density operators
are Sx = Sy = 0, and Sz = Szf + S
z
b , where
Szf =
1
2
(ψ†1ψ1 + ψ
†
2ψ2) ∝ ∂xφρ
Szb =
1
2
(ψ†1ψ2 + H.c.) ∝ ei∆kxei2φn + H.c., (B35)
with ∆k = −2kF,1 + 4kF,2. Using the definition of
eigenmodes in Eq. (B32), we find Gx = Gy = 0, and
Gz = Gzf + Gzb , where
Gzf (x, t) ∝
c˜2−
(x+ v+t− iδ)2 +
c˜2+
(x− v−t+ iδ)2
Gzb (x, t) ∝ cos(∆kx)
[ 1
x+ v+t− iδ
]2c˜2+[ 1
x− v−t+ iδ
]2c˜2−
.
(B36)
f. The Pfaffian state at ν = 5/2
The Pfaffian state is spin-polarized and has a chiral
edge state. The Lagrangian density for the edge is
L =
2
4pi
[∂tφ1∂xφ1 − v1(∂xφ1)2] + iλ(∂t − vλ∂x)λ, (B37)
where φ1 is a bosonic charged mode and λ is a Majorana
fermion. We assume the edge state is left-moving. The
most-relevant electron operator is ψ ∝ λe−i2φ1 . The spin
density operators are Sx = Sy = 0, and
Sz =
1
2
ψ†ψ ∝ ∂xφ1, (B38)
where we have used λ2 = 1. We find Gx = Gy = 0, and
Gz(x, t) ∝ 1
(x+ v1t− iδ)2 . (B39)
g. The anti-Pfaffian state at ν = 5/2
The anti-Pfaffian state is the particle-hole dual of the
Pfaffian state. The state is spin-polarized. We consider
the situation of a clean sample where disorder effect can
be neglected and there is translation invariance on the
edge. The edge Lagrangian density then takes the form
L =
1
4pi
[2∂tφρ∂xφρ − ∂tφn∂xφn − 2vρ(∂xφρ)2
− vn(∂xφn)2 − 2vρn∂xφρ∂xφn] + iλ(∂t + vλ∂x)λ,
(B40)
where φρ is a left-moving charged boson, φn is a right-
moving neutral boson and λ is a right-moving Majorana
fermion. The edge state is non-chiral. Assuming charge-
neutral separation in the edge state, i.e., vρ  vn ∼
vρn ∼ vλ, we find three most-relevant electron operators:
ψ1 ∝ λe−i2φρ , ψ2 ∝ e−iφne−i2φρ and ψ3 ∝ eiφne−i2φρ .
The spin density operators are Sx = Sy = 0, and Sz =
Szf + S
z
b1 + S
z
b2, where
Szf =
1
2
(ψ†1ψ1 + ψ
†
2ψ2 + ψ
†
3ψ3) ∝ ∂xφρ
Szb1 =
1
2
(ψ†1ψ2 + ψ
†
1ψ3 + H.c.) ∝ ei∆kxλeiφn + H.c.
Szb2 =
1
2
(ψ†2ψ3 + H.c.) ∝ ei∆k
′xei2φn + H.c., (B41)
with ∆k,∆k′ the momentum differences between the
edge modes. Upon diagonalizing the edge theory in
Eq. (B40), we find Gx = Gy = 0, and Gz = Gzf +Gzb1 +Gzb2,
where
Gzf (x, t) ∝
c˜2−
(x+ v+t− iδ)2 +
c˜2+
(x− v−t+ iδ)2
Gzb1(x, t) ∝ cos(∆kx)
[ 1
x+ v+t− iδ
] 1
2 c˜
2
+
[ 1
x− v−t+ iδ
] 1
2 c˜
2
−
× 1
x− vλt+ iδ
Gzb2(x, t) ∝ cos(∆k′x)
[ 1
x+ v+t− iδ
]2c˜2+[ 1
x− v−t+ iδ
]2c˜2−
,
(B42)
where c˜+(θ) =
√
2 sinh θ and c˜−(θ) =
√
2 cosh θ. The
parameters v+ ' vρ, v− ' vn and v+  v−. Notice that
Gzf ,Gzb1 dominate over Gzb2 at long distances.
h. The SU(2)2 state at ν = 5/2
This is a spin-polarized state. The edge Lagrangian
density is
L =
1
4pi
[2∂tφρ∂xφρ + ∂tφn∂xφn − 2vρ(∂xφρ)2
− vn(∂xφn)2] + iλ(∂t − vλ∂x)λ, (B43)
where φρ is a charged boson, φn is a neutral boson and
λ is a Majorana fermion. The edge state is chiral. The
most-relevant electron operators and the spin density op-
erators have the same forms as those in the anti-Pfaffian
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state. However, note that the fields φρ, φn here have dif-
ferent origins from those in Eq. (B40). The correlators
are found to be Gx = Gy = 0, and Gz = Gzf + Gzb1 + Gzb2,
where
Gzf (x, t) ∝
1
(x+ vρt− iδ)2
Gzb1(x, t) ∝ cos(∆kx)
1
(x+ vnt− iδ)(x+ vλt− iδ)
Gzb2(x, t) ∝ cos(∆k′x)
1
(x+ vnt− iδ)4 , (B44)
with ∆k,∆k′ the momentum differences between the
edge modes.
2. Time integral
The QH states we have discussed can be divided into
three types.
Type (i): The edge state is chiral and contains one
bosonic mode. Examples include Laughlin states at ν =
1/m and the Pfaffian state at ν = 5/2. The in-plane
correlators vanish, while the out-of-plane correlator has
the form
G(i)(x, t) =
[ 1
δ + i(t+ x/v)
]n
, (B45)
neglecting the proportionality constant and assuming the
edge state is left-moving, where n ≥ 2 is an even integer
and v > 0 is the speed of the edge mode.
Type (ii): The edge state is chiral and contains mul-
tiple interacting bosonic modes. Examples include the
QH state at ν = 2 and the 331 state at ν = 5/2. The
correlators can have the form of Eq. (B45), or
G(ii)(x, t) =
[ 1
δ + i(t+ x/v+)
]g+[ 1
δ + i(t+ x/v−)
]g−
,
(B46)
neglecting the proportionality constant and the modu-
lating factor, and assuming the edge state is left-moving,
where g+ and g− are non-integers but g+ + g− is an even
integer. From previous calculations, we have 0 < g+  1
and g− > 1. To a good approximation, v+ and v− can
be considered as the speeds of the physical charged mode
and neutral mode in the edge state, respectively, so that
v+  v− > 0. We have suppressed the spin-component
index for simplicity.
Type (iii): The edge state is non-chiral. Examples
include the QH state at ν = 2/3 and the 113 state at
ν = 5/2. The correlators can have the form of Eq. (B45),
or
G(iii)(x, t) =
[ 1
δ + i(t+ x/v+)
]g+[ 1
δ + i(t− x/v−)
]g−
,
(B47)
neglecting the proportionality constant and the modulat-
ing factor, where g+, g−, and g++g− are all non-integers.
We have 0 < g+  1 and g− > 1. The parameters v+
and v− can again be considered as the speeds of the phys-
ical charged mode and neutral mode, respectively, so that
v+  v− > 0.
In writing Eqs. (B45)−(B47), we have assumed that
there are only two distinct velocities in the system: The
charged-mode velocity and the neutral-mode velocity. In
particular, for the anti-Pfaffian state we make the ap-
proximation that the Majorana fermion and the neutral
boson propagate at the same speed. For the SU(2)2
state, there is no need for such an approximation and
the correlators take the forms of either Eq. (B45) or
Eq. (B46).
In the following, we evaluate I =
∫∞
0
dte−ηtImGa(x, t),
where η = 0+ and a =(i), (ii), (iii).
a. Type (i)
For type (i) edge states,
I =
1
2i
{
∫ ∞
0
dt e−ηt
[ 1
δ + i(t+ x/v)
]n
− c.c.}
≡ I1 − I2. (B48)
The integrand of I1 has an nth-order pole at t1 = −x/v+
iδ, while the integrand of I2 has an nth-order pole at
t2 = −x/v − iδ. By Residue theorem,∫ ∞
0
dt
1
(t− tk)n = −Res(
ln t
(t− tk)n ; tk), (B49)
where k = 1, 2. This gives
I1 = I2 =
1
2i
(−1)n/2
n− 1
(x
v
)1−n
, (B50)
so that I = 0. This suggests that the spin susceptibility
in type (i) edge states vanishes to the lowest order (i.e.,
considering only the most-relevant operators).
b. Type (ii)
For type (ii) edge states,
I =
∫ ∞
0
dt e−ηtIm
[ 1
δ + i(t+ x/v+)
]g+[ 1
δ + i(t+ x/v−)
]g−
.
(B51)
The integrand has two branch points −x/v+ + iδ and
−x/v− + iδ. Choosing the branch cut appropriately,
Im
[ 1
δ + i(t+ x/v+)
]g+[ 1
δ + i(t+ x/v−)
]g−
= Im{e−ipi2 g+sgn(t+ xv+ )e−ipi2 g−sgn(t+ xv− )}|G(ii)(x, t)|
= Θ(t+
x
v+
)Θ(−t− x
v−
) sin[
pi
2
(g− − g+)]|G(ii)(x, t)|,
(B52)
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where Θ(x) is the Heaviside step function, sgn(x) is the
signum function, and
|G(ii)(x, t)| =
∣∣∣t+ x
v+
∣∣∣−g+ ∣∣∣t+ x
v−
∣∣∣−g− . (B53)
We have used the fact that g+ + g− is an even integer, so
that Im{e−ipi2 (g++g−)} = 0. Notice also that I = 0 if we
set v+ = v−, which is consistent with the previous result
for type (i) edge states. In our scenario, v+  v− > 0.
The integral is nonzero only when x < 0. Explicitly,
I =Θ(−x) sin[pi
2
(g− − g+)]
∫ −x/v−
−x/v+
dt e−ηt|G(ii)(x, t)|
=Θ(−x) sin[pi
2
(g− − g+)]( 1
v+
− 1
v−
)−g
×B(1− g+, 1− g−)|x|−g, (B54)
where B(x, y) is the Euler beta function and we define
g = g+ + g− − 1.
The above calculation applies to left-moving edge
states. For right-moving edge states, one replaces Θ(−x)
with Θ(x), and sends v+, v− → −v+,−v− in Eq. (B54).
The exponent g determines the scaling of the spin sus-
ceptibility with distance, and may take different values
gα for different spin components α = x, y, z. For type
(ii) edge states, gα are integral invariants depending on
the topological order of the bulk QH liquid. For instance,
gx = gy = 1 for the QH state at ν = 2.
c. Type (iii)
For type (iii) edge states,
I =
∫ ∞
0
dt e−ηtIm
[ 1
δ + i(t+ x/v+)
]g+[ 1
δ + i(t− x/v−)
]g−
.
(B55)
We have
Im
[ 1
δ + i(t+ x/v+)
]g+[ 1
δ + i(t− x/v−)
]g−
=Im{e−ipi2 g+sgn(t+ xv+ )e−ipi2 g−sgn(t− xv− )}|G(iii)(x, t)|
={[Θ(−t− x
v+
)−Θ(−t+ x
v−
)] sin[
pi
2
(g+ − g−)]
−Θ(t+ x
v+
)Θ(t− x
v−
) sin[
pi
2
(g + 1)]}|G(iii)(x, t)|,
(B56)
where
|G(iii)(x, t)| =
∣∣∣t+ x
v+
∣∣∣−g+ ∣∣∣t− x
v−
∣∣∣−g− . (B57)
The integral is nonzero for both x > 0 and x < 0. We
find I = Θ(x)I> + Θ(−x)I<, where
I> = sin[
pi
2
(g− − g+)]
∫ x/v−
0
dt e−ηt|G(iii)(x, t)|
− sin[pi
2
(g + 1)]
∫ ∞
x/v−
dt e−ηt|G(iii)(x, t)|
={sin[pi
2
(g− − g+)]
v
g+
+ v
g−−1
−
1− g− F (1, g+; 2− g−;−
v+
v−
)
− sin[pi
2
(g + 1)](
1
v+
+
1
v−
)−gB(g, 1− g−)}|x|−g,
(B58)
and
I< = sin[
pi
2
(g+ − g−)]
∫ −x/v+
0
dt e−ηt|G(iii)(x, t)|
− sin[pi
2
(g + 1)]
∫ ∞
−x/v+
dt e−ηt|G(iii)(x, t)|
={sin[pi
2
(g+ − g−)]
v
g+−1
+ v
g−
−
1− g+ F (1, g−; 2− g+;−
v−
v+
)
− sin[pi
2
(g + 1)](
1
v+
+
1
v−
)−gB(g, 1− g+)}|x|−g,
(B59)
where F (a, b; c;x) is the hypergeometric function. Notice
that I> and I< are related by the exchange of parameters
g+ ↔ g− and v+ ↔ v−, (B60)
which technically reverts the chirality of all the edge
modes, as seen from Eq. (B47). For type (iii) edge states,
g (i.e., gα, where α = x, y, z) takes non-integer values.
Let us write gα = gα0 + δg
α, where gα0 is the integer part
of gα. We find δgα  gα0 for all the type (iii) edge states
being discussed. For instance, δgx = δgy = 4 sinh2 θ,
where θ  1, while gx0 = gy0 = 1 in the spin-unpolarized
QH state at ν = 2/3.
3. Full expression of spin susceptibility
Substituting the above results in Eq. (B2), we obtain
the spin susceptibility in QH edge states,
χαα(x) =
cos(∆kx)
4pi2
l2ag
α−1v
−gα+
+ v
−gα−
− × I, (B61)
where we have restored the spin-component index and
the proportionality constant. The short-distance cut-off
a can be taken as the lattice constant of the host mate-
rial of the QH system. For left-moving type (ii) edge
states, I is given by Eq. (B54). We have χαα(x) =
cos(∆kx)|x|−gαΘ(−x)Cα(gα,v), where gα = (gα+, gα−),
v = (v+, v−), and
Cα(gα,v) =
l2ag
α−1
4pi2
sin[
pi
2
(gα− − gα+)]
v
gα−−1
+ v
gα+−1
−
(v− − v+)gα
×B(1− gα+, 1− gα−). (B62)
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For type (iii) edge states, I is given by Eqs. (B58)(B59).
We have χαα(x) = cos(∆kx)|x|−gα{Θ(x)Cα>(gα,v) +
Θ(−x)Cα<(gα,v)}, where
Cα>(g
α,v) =
l2ag
α−1
4pi2
{sin[pi
2
(gα− − gα+)]
v−1−
1− gα−
F (1, gα+; 2− gα−;−
v+
v−
)− sin[pi
2
(gα + 1)]
v
gα−−1
+ v
gα+−1
−
(v+ + v−)g
αB(g
α, 1− gα−)}
Cα<(g
α,v) =
l2ag
α−1
4pi2
{sin[pi
2
(gα+ − gα−)]
v−1+
1− gα+
F (1, gα−; 2− gα+;−
v−
v+
)− sin[pi
2
(gα + 1)]
v
gα−−1
+ v
gα+−1
−
(v+ + v−)g
αB(g
α, 1− gα+)}.
(B63)
We see that Cα>(g
α,v) and Cα<(g
α,v) are related by the
exchange of arguments: gα+ ↔ gα− and v+ ↔ v−.
Eqs. (B62) and (B63) show that the RKKY interaction
is ferromagnetic at short distances.
To estimate the strength of the RKKY interaction, we
extract the dimensional part [χαα(x)] of the spin suscep-
tibility. For type (ii) edge states,
[χαα(x)] = l2ag
α−1 v
gα−−1
+ v
gα+−1
−
(v+ − v−)gα |x|
−gα . (B64)
For type (iii) edge states, there are multiple terms in
χαα(x), with
[χαα(x)] =l2ag
α−1 v
gα−−1
+ v
gα+−1
−
(v+ + v−)g
α |x|−g
α
;
l2ag
α−1v−1− |x|−g
α
; l2ag
α−1v−1+ |x|−g
α
. (B65)
Using 0 < gα+  1 and v+  v−, we find
[χαα(x)] ' l2agα−1v−1− |x|−g
α
, (B66)
for both type (ii) and type (iii) edge states.
Appendix C: Exchange
Here we estimate the strength of the exchange inter-
action between the QD electron and the electrons in the
edge modes. The textbook formula gives the exchange
integral as
J = C
∫
dr1dr2 Ψ
∗
1 (r1) Ψ
∗
2 (r2)
1
|r1 − r2|Ψ1 (r2) Ψ2 (r1) ,
(C1)
for two particles in single particle orbitals Ψ1, Ψ2, in-
teracting through an unscreened Coulomb interaction
parametrized by C = e
2
4pi0r
, where e is the elementary
charge, 0 the vacuum permittivity, and r the relative
permittivity of the medium.
Providing a microscopic theory of the exchange for our
case is well beyond the scope of this article. Instead we
are interested only in the interaction strength scale. To
get a rough estimate, let us assume that the exchange
interaction is local
J = β
∫
dr1dr2Ψ
∗
1 (r1) Ψ
∗
2 (r2) δ (r1 − r2) Ψ1 (r2) Ψ2 (r1) ,
(C2)
which transforms the equation into a density-density in-
teraction
J = β
∫
dr ρ1 (r) ρ2 (r) . (C3)
One can explicitly evaluate Eq. (C1) for a tunnel coupled
double dot modelled by a 2D harmonic confinement,54
and then compare to the result given by Eq. (C3). The
calculated energies scale the same with the interdot dis-
tance and the overall prefactors are related by β = Cl,
with l the confinement length of the dot potential. We
further guide ourselves by experiments, which measured
the exchange energy in few electron QDs made in 2DEG
in GaAs. The maximal scale C/l, which evaluates to
' 3 meV for typical GaAs parameters r = 12.9 and
l = 30 nm, is indeed approached in a single dot where the
densities overlap in Eq. (C3) is of order 1 in dimension-
less units (l−2). A suppression of the interdot tunneling
(by increasing the interdot distance) leads to a decreas-
ing exchange, which reaches JDD ' 0.1 − 0.01 meV in
a tunnel coupled double dot. Assuming that an analo-
gous suppression will result from the tunnel coupling of
our dot coupled to the edge finally gives JDD as an order
of magnitude estimate for Γ, which we used in the main
text as the coupling constant between an electron spin in
a QD and a quasi-1D spin density of the edge.
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